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Abstract 

We construct a stable formal model of a Lubin-Tate curve of level three, and study the action 
of a Weil group and a division algebra on its stable reduction. Further, we study a structure of 
cohomology of the Lubin-Tate curve. Our study is purely local and includes the case where the 
characteristic of the residue field of a local field is two. 



O ■ Introduction 

i-H ■ Let if be a non-archimedean local field with a finite residue field k of characteristic p. Let p be the 

, ^ ■ maximal ideal of Ok- Let n be a natural number. We write LT(p") for the Lubin-Tate curve with 

full level n over K™ . Let D be the central division algebra over K of invariant 1/2. Let i he a prime 
number different from p. Then the groups Wk, GL2{K) and act on lirn^^^ H} (LT (p™ ) , ) , 
and these actions partially realize the local Langlands correspondence and the local Jacquet-Langlands 
I correspondence for GL2 . The realization of the local Langlands correspondence was proved by global 

automorphic methods. However there is no known proof using only a local geometric method. 
We put 



0, d=l mod 



Let LTi(p") be the Lubin-Tate curve with level Xi(p") over if"''. Then the cohomology group 

■ iii (LTi(p")^..,Q,) = (lin^iii(LT(p'")^„,Q,))'''^' ^ 

i will give representations of Wk and that correspond to smooth irreducible representations of 

GL2{K) with conductor less than or equal to n. The purpose of this paper is to study this cohomology 
in the case n — 3. We note that 3 is the smallest integer which is a conductor of a primitive two- 
dimensional Galois representation. Our method is purely local and geometric. In fact, we construct 
a stable model of the connected Lubin-Tate curve Xi(p'^) with level ifi(p^) by using the theory of 
semi-stable coverings (cf. CM, Section 2.3]). Our study includes the case where p = 2, and in this 
case, primitive Galois representations of conductor 3 appear in the cohomology of Xi(p'^). It gives 
, geometric understanding of a realization of the primitive Galois representations. 

rN ! Our method of the calculation of the stable reduction is similar to that in [CM] . In |CMj , Coleman- 

■ McMurdy calculate the stable reduction of the modular curve Xo{p^) under the assumption p > 13. The 
calculation of the stable reductions in the modular curve setting is equivalent to that in the Lubin-Tate 
setting where K = Qp. As for the calculation of the stable reduction of the modular curve Xi{p'^), it 
is given in |DR) ii n — 1 . 

We explain the contents of this paper. In Sectionjl] we recall a definition of the connected Lubin-Tate 
curve, and study the action of a division algebra in a general setting. In Section[51 we study cohomology 
of Lubin-Tate curves as representation of GL2{K). By this result, we can calculate the genus of some 
Lubin-Tate curve. In Section |31 we construct a stable covering of the connected Lubin-Tate curve of 
level ivri(p^), which is used to study a covering of Xi(p^). 

In SectionlU we define several affinoid subspaces Y1.2, Y2.1 and i of Xi(p'^), and calculate their 
reductions. We put g = and 



Si 



M2(q2_.i)(fc'"') if g is odd, 
fiq2_i(k^'^) if q is even. 
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The reductions of Yi_2 and Y2,i are defined by x'^y — xy'^ = 1. This afline curve has genus q{q — l)/2, 
and is called the Deligne-Lusztig curve for SL2{¥q) or the Drinfeld curve. The reduction Zj^ of ^ is 
defined by Z"^ + X''^"^ + x^^'i^^^^ — 0. This affine curve has genus and singularities at X G Si. 

Next, we analyze tubular neighbourhoods {T^c^QeSi of the singular points of Tin. If g is odd, 
is a basic wide open space with the underlying affinoid X^;. The reduction of X^ is the Artin-Schreier 



curve of degree 2 defined by z'' 



This affine curve has genus {q — l)/2. 



On the other hand, if q is even, it is harder to analyze P^, because the space is not basic. 
First, we find an affinoid P°. The reduction P° of P° has genus and singular points parametrized by 

C' G ■ Secondly, we analyze the tubular neighborhoods of singular points of P^. As a result, we find 
an affinoid X^^^;/, whose reduction X,^.^' is defined hy z'^ + z — . The smooth compactification of 
this curve is the unique supersingular elliptic curve over k^'^, whose j-invariant is 0, and its cohomology 
gives a primitive Galois representation. By using these affinoid spaces, we construct a covering Ci{p^) 

0fXi(p3). 

In Section O we calculate the action of the division algebra on the reductions of the affinoid 
spaces in Xi(p'^). In SectionlBl we calculate an action of a Weil group on the reductions. We construct 
an 5'L2(F3)-Galois extension of X"'', and show that the Weil action on X^^^/ up to translations factors 
through the Weil group of the constructed extension. For such a Galois extension, see also [Wei 31]. 

In Section [71 we show that the covering Ci{p^) is semi-stable. To show this, we calculate the 
summation of the genera of the reductions of the affinoid spaces in Xi(p'^), and compare it with the 
genus of Xi(p'^). Using the the constructed semi-stable model, we study a structure of cohomology of 
Xi(p3). 

The dual graph of the semi-stable reduction of Xi(p'^) in the case where q is even is the following: 




where iiq-i_i{k^^) = {d, . . . , C^s-i}, k^ = {C,[, . . . , Cq_i} and X'^ denotes the smooth compactification 
of X for a curve X over k'^^. The constructed semi-stable model is in fact stable, except in the case 
where q = 2. If g = 2, we get the stable model by blowing down some P^-components. 

The realization of the local Jacquet-Langlands correspondence in cohomology of Lubin-Tate curves 
was proved in |M2| by a purely local method. Therefore, the remaining essential part of the study of 
the realization of the local Langlands correspondence is to study actions of Weil groups and division 
algebras. In the paper |IT2| . we give a purely local proof of the realization of the local Langlands 
correspondence for representations of conductor three using the result of this paper. 
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Notation 

In this paper, we use the following notation. Let K he a non-archimedean local field. Let Ok denote 
the ring of integers and k the residue field of characteristic p > 0. We fix a uniformizer w of K. Let 
q = \k\. For any finite extension F of K, let Gp denote the absolute Galois group of F, Wp denote 
the Weil group of F and Ip denote the inertia subgroup of Wp- We fix an algebraic closure K^'^. The 
completion of K^"^ is denoted by C. Let Oc be the ring of integers of C and k'^'^ the residue field of 
C. For an element a 6 Oc, we write a for the image of a by the reduction map Oc k^"^. Let v{-) 
denote a valuation of C such that v{-cu) = 1. Let K™^ denote the maximal unramified extension of K 
in if^'^. The completion of K™ is denoted by K'^^ . For a, 6 G C and a rational number a e Q>o, we 
write a = b (mod a) if we have v{a — &) > a, and a = b (mod a+) if we have v{a — b) > a. For a curve 
X over fc'*'^, we denote by X'^ the smooth compactification of X, and the genus of X means the genus 
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of X'^. For an afRnoid X, we write X for its reduction. The category of sets is denoted by Set. For a 
representation t of a group, the dual representation of r is denoted by t*. Wc fix zuq G K'^'^ such that 
^249 {q -1) _ ^m/(24<ii*((}^-i)) (;ienotes tu™ for any integer m. 



1 Preliminaries 

1.1 The universal deformation 

Let E denote a formal Oi^-module of dimension 1 and height 2 over fc'*'^, which is unique up to iso- 
morphism. Let n be a natural number. We define Ki{p") as in the introduction. In the following, we 
define the connected Lubin-Tate curve Xi(p") with level Ki{p^'-). 

Let C be the category of Noetherian complete local O^u^ -algebras with residue field k^"^. For A ^ C, 
a formal O/c-module T = Spi A[[X]] over A and an A-valucd point P of J', the corresponding element 
of maximal ideal of A is denoted by x{P). We consider the functor 

Ai (p") : C ^ Set; A [{T, t, P)] , 

where is a formal C^-module over A with an isomorphism i: S 2± T^a k^'^ and P is a ii7"-torsion 
point of J- such that 

n {X~x{[a]AP))) 

in This functor is represented by a regular local ring 7?.i(p"). We write Xi(p") for Spf 7?.i(p"). 

Its generic fiber is denoted by Xi(p"), which we call the connected Lubin-Tate curve with level ifi(p"). 
The space Xi(p"') is a rigid analytic curve over K™ . We can define the Lubin-Tate curve LTi(p") 
with level n by changing C to be the category of C?^„, -algebras where w is nilpotent, and t to be a 

quasi-isogeny E ®fcac A/wA F ®a A/zuA. We consider LTi(p") as a rigid analytic curve over K^'^. 

The ring is isomorphic to the ring of formal power series O^u, [[u]]. We simply write B{1) 

for Spf Let B{1) denote an open unit bah such that B{1){C) = {u e C | v{u) > 0}. The 

generic fiber of B{1) is equal to -6(1). Then, the space Xi(l) is identified with B{1). Let J^"""'^ denote 
the universal formal Oi^-module over 

In this subsection, we choose a parametrization of Xi(l) ~ B{1) such that the universal formal 
Ojf-module has a simple form. Let be a formal O/^-module of dimension 1 over a fiat O^f-algebra 
R. For an invariant differential w on J^, a logarithm of means a unique isomorphism F : Ga 
over R® K with dF = uj (cf. [GH[ 3]). In the sequel, we always take an invariant differential 00 on. F 
so that a logarithm F has the following form; 



F{X) =X + Y^ with f^eRidK. 



i>l 

Let F{X) = Y.t>o f^^'^' e K[[u,X]] be the universal logarithm over Ok[[u]]. By W, (5.5), (12.3), 

Proposition 12.10], the coefficients {fi}i>o satisfy /o = 1 and wfi — X]o<j<i-i h"^!-] '^'^^ * — 1' where 
wi = u, t;2 = 1 and Vi — Q for i > 3. Hence, we have the followings; 

VO VO \ VO ) \ VJ ) 

By [GHl Proposition 5.7] or [Hal 21.5], if we set 

^""-(X,r) = F-i(F(X) + F(y)), [a]^u„„(X) = F-\aF[X)) (1.2) 

for a e Oki it is known that these power series have coefficients in O/f [[u]] and define the universal 
formal O/f-module J^""'^ over O^^, [[m]] of dimension 1 and height 2 with logarithm F(X). We have 
the following approximation formula for [n7]u(X). 

Lemma 1.1. We have the following congruence; 

[w]jrunw{X) =wX + uX'i + X"^ - —{{uX'i + X"')" - m'X"' - X"'} 



VJ 



mod {vj^,vj^X\uvoX'i,vjX'i' ,X'i''+'^). 
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Proof. This follows from a direct computation using the relation F{[zu]jrMi,iv{X)) = zuF{X) and ()l.ip . 

□ 

In the sequel, J^"'"^ means the universal formal O^-module with the identification 3Ci(l) ~ 13{1) 
given by (|1.2p . and we simply write [a]u for [a]jruniv. The reduction of (|1.2I) gives a simple model of S 
such that 

X +s r = X + y, [C]s(^) = (x for c e m^-iCOk), NsC^) = (i.3) 

We put 

a„ = 0^„[[u,x„]]/([^i7"]u(x„)/[w"-i]u(x„)). 

Then there is a natural identification 

Xi(p") ~Spf2l„ (1.4) 

that is compatible with the identification Xi(l) ~ The Lubin-Tate curve Xi(p") is identified 

with the generic fiber of the right hand side of (jl.4p . We set Xi — [n7"'~']u(X„) for 1 < j < n — 1. We 
write X(l) for Xi(l). 

1.2 Action of a division algebra on 

Let D be the central division algebra over K of invariant 1/2. We write Od for the ring of integers of 

D. In this subsection, we recall the left action of on the space Xi(p"). 

Let K2 be the unramified quadratic extension of K. Let ^2 be the residue field of K2, and a G 
Gal{K2/ K) be the non-trivial element. The ring On has the following description; Od — ® f^K2 
with </3^ = tz7 and a(/3 = ipa'^ for a £ Ok2- We define an action of Od on E by C(^) = C-''^ for 
C G iiq2_i{OK2) and 95(X) = X^. Then this give an isomorphism Od — End(E) by |GH1 Proposition 
13.10]. 

Let d — di + ifd2 £ O]^, where di £ O^ and (i2 G Ok2- By the definition of the action of Od on 

E, we have 

d{X) = diX + {d2XYiaQd{X'i'). (1.5) 
We take a lifting J(X) G OkJ[X]] of d(X) G A;2[[^]]- Let J'j be the formal O^-module defined by 

:F^{X,Y) = d>-"-(J-i(X),d-i(y))), [a]^,(X) = d([a]u(rf-i(x))) 

for a G Oif. Then, we have an isomorphism 

d: J-"'"^ ^ J-j; (u,X) (u,d(X)). 

By [GHl Proposition 14.7], the formal O/f -module J^g with 

gives a isomorphism 

d: X(l) X(l), (1.6) 
which is independent of a choice of a lifting d, such that there is the unique isomorphism 

satisfying i{X) = X mod (n7,u), where (i*J^""'^ denotes the pull-back of 7^""^^ over X(l) by the map 
(|1.6|) . Hence, we have 

M,.^™v(j-i(x)) = r'(N^,(x)). (1.7) 

On the other hand, we have the following isomorphism; 

^*jruniv -puniv. ^ (^(m),^'). 

Furthermore, we consider the following isomorphism under the identification (jl.4p : 

^d- Xi(p") -~^Xi(p"); (u,X„) (rf(zi),j-i(J(X„))), (1.8) 
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which depends only on d as in |GH[ Proposition 14.7]. We put d*{X) = j~^{d{X)). We define a left 
action of d on Xi(p") by [{J^,l,P)] i— >■ [(-^, t o d~^,P)]. Then this action coincides with ipd by the 
definition. 

By (|1.5p . we have 

J-i(X) = d^^X - d^^'^+^^lX'^ mod (n7,X«') (1.9) 

in [[-'^^l]- We use the following lemma later to compute the 0]^-action on the stable reduction of 
Xi(p3). 

Lemma 1.2. We assume v{u) = l/{2q). Let d = di + ipd2 G O^. We set u' = d{u). We change 
variables as u = w^/'^'^'^^u and u' — m^^'^^'^^u' . Then, we have the fallowings: 

v! = d'^'-'^^^'^ u{\ + d^''d2u) mod {m, u^), (1.10) 
j~\X) = X + d^'^d2uX mod {m,u^X,uX^). (1.11) 

Proof. We set d-^ = d[ + ipd'^. Then d[ = d^^, d'^ = -dj^^'^+^^da (mod 1). First, we prove (IHU)) . If 
v{u) = l/(2g), a function w{u) in [GH, (25.11)] is well-approximated by a function tnu(n7 + ii^+^)^^. 



(mod 1- 



By [GHl (25.13)], we have 

vuu' d'^'cuu{vj + u''^^)^^ + 07(^2*' 'uju{di — d'^u'^) 



zu + u"^+^ d'^zuuim + ui+^y^ + d[ d\{w + u'i+^) - d2WU 
Hence, we acquire the following by m = ro^/'^^'^u and u' = tu^/^^'^^-it'; 



i((ii — w^d\vfl) 



(mod (1/2)+). (1.12) 



By taking an inverse of the congruence (I1.12p . wc obtain 

{u' - d-^'^-^^uY = vo'^ Zfll '^" "l +vj"-{dr''dlu^'i -d^^d2) (mod (1/2)+). (1.13) 

V d^ ^'^ 'uu' J 

Now, we set u' — d^ ^''u — tu^/'^^'^'a;. By substituting this to (jl.l3l) and dividing it by w^^'^, we obtain 
(a; dl-^''d2u'^y = dll'^'^-'^ix - dj^^'dju^) (mod 0+). 

Since x is an analytic function of it, a congruence x = c?}~^'c?2U^ (mod 0+) must hold. Hence we have 
u' = d]"^''"^^u(l + roi/29d-«d2M) (mod (l/(2g))+) using u' - dr^u = tui/^^?)^. This implies (jTlU)) . 
because m' is an analytic function of u. 

By LemmaO (EZl) and (HH), we have u'j-\X)i = j-^{ud^'-'^^^^Xi) mod (ti7,X«'). Hence, the 
assertion (jl.lip follows from (|1.10p and j^^{X) = X mod {ru, u). □ 



2 Cohomology of Lubin-Tate curve 

Let £ be a prime number different from p. We take an algebraic closure Qi of Qi. Let LT(p") be the 
Lubin-Tate curve with fun level n over (cf. [Dal 3.2]). We put HIj,^ = Ih^^ ff^((LT(p")/ro^)c, Qf) 
for a non-negative integer i. Then we can define an action of GL2{K) x x Wk on Hlj^ ^ for a 
non-negative integer i (cf. |Dal 3.2, 3.3]). 

We write Irr(Z?^ , Q^) for the set of isomorphism classes of irreducible smooth representations of 
over Q^, and Disc(G'L2(-ftr), Q^) for the set of isomorphism classes of irreducible discrete series represen- 
tations of GL2{K) over Q^. Let JL: Irr(_D^,Q^) Disc(GL2(-f^), Q^) be the local Jacquet-Langlands 
correspondence. We denote by LJ the inverse of JL. We write St for the Steinberg representation of 
GL2{K). 

Proposition 2.1. We have isomorphisms 

as representations of GL2{K), where tt runs through irreducible cuspidal representations of GL2{K) 
whose central character is trivial on vj , and x runs through characters of satisfying x('^^) — 1- 
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Proof. First, we show the second isomorphism. Let X(p") be the connected Lubin-Tate curve with 
full level n over (cf. (St3l 2.1]). We put = \u^^^H^{X{p'')c,Q(;) and GL2{Kf = {g & 
GL2{K) I detg G O^}. Then GL2{Kf acts on H^. By (Stl Theorem 4.4 (i)], we have ~ 
®x(x ° det) as representations of GL2(Ok), where x runs through characters of O^. Let H be the 
kernel of GL2{K)^ — s> Aut(iJx)- Then H ~ SL2{K), because a normal subgroup of GL2{K)'^ containing 
SL2{Ok) is SL2{K) by [Dc, Lemme 2.2.5 (iii)]. Hence, we have ~ ®;^(x°det) as representations of 
GL2{K)'~', where x runs through characters of O^. The second isomorphism follows from this, because 

Next, we show the first isomorphism. By IM2 I. Definition 6.2 and Theorem 6.6], the cuspidal part of 
-^LT is ®^ j^e2dimLj(7r)_ jjgj.g^ .^^g note that the characteristic of a local field is assumed to be zero 
in |M2) . but the same proof works in the equal characteristic case. By |Far2[ Theoreme 4.3] and the 
Faltings-Fargues isomorphism (cf. jFal] and |FGL] V we see that the non-cuspidal part of /^lt ro 
Zelvinsky dual of i?LT m- Therefore, we have the first isomorphism. □ 

3 Stable covering of Lubin-Tate curve with level two 

In this section, we construct a stable covering of Xi (p^). Let {u, X2) be the parameter of Xi(p^) given 
by the identification (II. 4p . 

Let Yi.i, Wo, Wfcx , Woo.i, Woo, 2 and Woo. 3 be subspaces of Xi(p^) defined by the following 
conditions respectively: 

Yi,i : v{u) = v{X,) = v{X2) ^ 



Wo: < v{u) < 



: < viu) < 



Woo.i: < v{u) < 



1 

q + 


1' 




1 — v{u) 
q-l ' 


V{X2) - 


1 — qv{u) 
q{q-l) 


1 






1 — v{u) 


V{X2) - 


v{u) 


q + 


1' 


q-l ' 


q{q-iy 


q 




v{Xi) 


v{u) 


V{X2) - 


v{u) 


q + 


1' 


q{q-iy 


q'iq-iy 



Woo,2 : v{u) > v{Xi) = V{X2) = ^ 



q+V ' q^-V ' ^' q^{q^-l)' 

q + 1 9 + 1 9-I q^'iq - Ij 

We put Woo = Woo,i U Woo,2 U Woo,3. Note that we have Xi(p2) = Yi,i U Wo U Wl.^ U Woo- 

Proposition 3.1. The Lubin-Tate curve Xi(p^) is a basic wide open space with underlying ajfinoid 
Yi.i. Further, Wq and Woo are open annuli, and Wj.x is a disjoint union of q — 1 open annuli. 

Proof. We can calculate a semi-stable model of Xi(p) from a good model Xi{l) of Xi(p) by the similar 
argument as in this paper. In fact, we can show that Xi(p) is isomorphic to an open annulus. Then 
we can prove the claim from the semi-stable model of Xi(p) again by the similar argument. We omit 
the detail (cf. a proof of Theorem 17. 141) . 

There is also a proof by direct calculations, which does not need cohomological arguments (cf. |IT3j ) . 

□ 

4 Reductions of afRnoid spaces in Xi(p^) 
4.1 Definitions of several subspaces in Xi(p'^) 

In this subsection, we define several subspaces of Xi(p'^). Let (u, X3) be the parameter of Xi(p'^) given 
by the identification (|1.4p . 
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Let Yi_2, Y2,i and ^ be subspaces of Xi(p'^) defined by tfie following conditions respectively: 
Yi.2 : v{u) = v{X,) = v{X2) = , } viXs) = ^ 



g(<7 + l)' ^ q{q'-l)' ' ^' q' - V ' q^q' - 



2g' ^ 2g(g-l)' 2q(q-l)' ^ 2g3(g-l)- 

We write down the following possible cases for {u, Xi, X2); 

1. < v{u) < -—, v{Xi) = ^, « = — ^, 

2. < v{u) < —-, v{Xi) = V^, v{X2) - ^ ' 



q + V ' q-\ ' ^ ^' q{q-\y 



(4.1) 



1 / N 9 X 1 ^ ^^(w) , 1 — 

6. ^ < v{u) < = V^, t.(X2) - ^ ' 



(4.2) 



g+1 ' ' q+l' ' q-l ' ' q^iq-l)' 

Next, we consider the following possible cases for {X2,X3); 

V. v{x() - v{X2) < v{uXl), 2'. v{uXl) = v{X2) < v{xf), 
3'. v{X2) > v{xf) = v{uXl), A'. v{X2) = v{x() = v{uXl). 

Lemma 4.1. For 2 < i < 6 in (|4.ip and 2' < j' < 4' m (|4.2p . f/ie case i and j' does not happen. 

Proof. This is an easy exercise. □ 

Let Wij/ be the subspace of Xi(p3) defined by the conditions 1 < i < 6 in (|4.ip and 1' < j' < 4' 
in (133). We note that W34/ = Yi^2 and Wi_4/ = Y2,i. Let Wj'"^,, Wj^^ be the subspaces of Wi,i/ 
defined by l/(2g) < v{u) < l/{q+ 1), 1/(9(17 + 1)) < «("") < l/(2g) respectively. 

4.2 Reductions of the afRnoid spaces Yi 2 and Y2,i 

In this subsection, we compute the reduction of the afhnoid spaces Yi_2 and Y2,i. The reduction of 
Y2,i and Y1.2 are defined by x'^y — xy' = 1. These curves have genus q{q — l)/2. 

Proposition 4.2. The reduction of Y 1^2 is defined by x'^y — xy'^ = 1. 

Proof We change variables as u = w^/^'^+^'^u, Xi ti79/(«'^i)a;i, X2 = n7i/(9(«'~i))x2 and = 
^1/(9 (9 -i))a;3. By Lemma ri.li we have 

u = —Xi ^'^ ^\ xi= ux\ + x\ , X2=x\ (mod 0+). (4-3) 

Then we have u = — ^"^ ^'^ + Fq[u,xi) for some function F^[u^xi) satisfying v{F^{u^xi)) > v{u). 

Substituting u = —x^ ^"^ + Fo(u,xi) to Fq(u,x\) and repeating it, we see that u is written as a 

2 

function of x\. Similarly, by X2 = x\ (mod 0+), we can see that X2 is written as a function of x\ and 
Xa. By (|4.3p . we acquire 

9* 9' 

1 = f3_ _ ^ (mod 0+). (4.4) 
Xi x\ 

By setting 1 + I ij^ ""^ and substituting this to (|4.4p . we obtain = 0:1 (mod 0+) and hence 

(1 + x\t^^)'^ = x\ (mod 0+). By setting 1 + x%tx^ — x\ i^^, we obtain t\ = t\ (mod 0+). Hence 
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(1 + 0:3^2 ^)'' = ^3 *2 ^ (mod 0+). Finally, by setting x = X3 and 1 + X3t2 ^ = x'y, we acquire y'' = 
(mod 0+). Hence we have x'y — xy'^ = 1 (mod 0+). Note that 

x = X3, y= 2 ^ ^,342-1 -■ (4-5) 

□ 

We put 7i = TO^''"^^/^^'''^ for 1 < i < 4. We choose an element cq such that — jfco + 1 = 0. Note 
that we have cq = — 1 (mod 0+). Further, we choose a q-th root cj^^ of cq. 

Proposition 4.3. The reduction of the space Y2.1 is defined by x'^y — xy'^ = 1. 

Proof We change variables as u = Xi = ro^^'+^-i^/^'t^'-i^'xi, X2 = wi/(«'-i)a;2, and 

X3 = n7i/(?'(«'-i))x3. By LemmaO we have 

u = -a;^^'"'^ (mod ^-^+), (4-6) 

xi = uxl + ■yf{xl + X2) (mod — h), (4.7) 

X2 ^ xl + Mx| (mod — 2 — I")- (4-8) 

By (|4.6p and (|4.8p . we can see that w is written as a function of a;i, and that X2 is written as a function 
of xi and 2:3. We define a parameter t by 

^=c„+7lf. (4.9) 
t 

We note that z;(i) = 0. By considering Xi^ x (14. 7p . we have 

^)Vl-7?^^7?i (mod^+). (4.10) 
By substituting (14. 9p to the left hand side of the congruence (|4.10p . and dividing it by 71X2 , we acquire 

2 t'-' V' 9-1 



.,.t^^l-72^-^j (mod^+). (4.11) 

By this congruence, we can see that xi is written as a function of t and X3. By considering x^^ x (14. 8p . 
we acquire 

co+7l^^^-f-y (modi^+) (4.12) 
t xi \XiJ q- 



by (1121). Substituting ^^JTl to (liT^ . we have 

^0^ - y + - j - -72 ^^,(,-1) (-od ^+). (4.13) 

By (|4.9I) and cq = —1 (mod 0+), we have X2 = ~xi (mod 0+). Therefore, we acquire (x2 + 2:3)'' = 

xl x| (mod 0+) by (|4.6p and (|4.8p . In particular, we obtain v{x2 + X3) = 0. We introducing a new 
parameter ti as 

cy^-f + 71^^^^. (4.14) 

t Xi tiX2 

Substituting this to the left hand side of the congruence (|4.13l) . and dividing it by —722^2^^'^ ^\x2 + 
x^)'^ , we acquire t = t\ (mod 0+). By this congruence, we can see that t is written as a function of 
ti and 0:3. By dUHl), we obtain 2:3 = if (1 + x^t^^Y (mod 0+) using t = t\ (mod 0+) and xi = 
(mod 0+). Hence, by setting x = t^^ and y = t^(l + 2:3^^"'^), we acquire x'^y ~ yx'' = 1 (mod 0+). □ 
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4.3 Reduction of the afRnoid space i 

In this subsection, we calculate the reduction of the affinoid space ^ . We define Si as in the 

introduction. The reduction i is defined by Z'^ + + — 0. This affine curve has genus 
and singularities at X3 Si. 

We put uJi — zu^/C^y'^i^'^y') and e; = 1/(2(7*) for 1 < z < 4. We change variables as a; = w^^^u, 
Xi ~ uj\'^~^xi, X2 = UJ1X2 and X3 = W3a;3. By Lemma ll.ll we have 

u EE -a;"^'"^^ (mod (4.15) 

2 , 1 

xi = {ta;2 + 71X2 +7iX2 (mod -+), (4.16) 

2 

X2 = x| + 72?ia;| (mod ei+). (4-17) 

Note that we have v{'yf) > 1/2 if g =^ 2. By (I4.15P and (|4.17p . we can see that u is written as a function 
of xi, and that X2 is written as a function of xi and 0:3. We define a parameter t by 

^ = -1 + ^2^. (4.18) 

By considering xj'"'^ x (j4.16p . we acquire 

^ + l)'^7i^fl + -^) (modi+) (4.19) 

2 

by (|4.15D . Substituting (I4.18P to (|4.19p . and dividing it by jix^ , we obtain 

XI =^(1 + ^^^ (modei+). (4.20) 
\ X2 / 

Therefore we have v{t) = 0. By considering a;j~^ x (|4.17D . we acquire 

'4)'-^'5?^-^<f +(5)') <™<'^'+' 



■-2 

by (|ITT5)) and (IT^ . We define a parameter Zq by 



1 + y = 73^0. (4.22) 



We note that v{Zq) > 0. Substituting this to (|4.21l) . and dividing it by 72, we obtain 

+(^)%7|-^ (mod.2+). (4.23) 

By and (0221), we acquire 



Zo + ^~^Y ^^,(^Yzo+jr'z^ (mode2+). (4.24) 



2^3 XiJ \X3j tlxl 

We introduce a new parameter Z as 

Zo + ^ - ^ = 74-^. (4.25) 

X3 xi a;3 

We note that v{Z) > 0. Substituting this to the left hand side of the congruence (|4.24l) . and dividing 
it by 73(a;2/a;3)'^, we acquire 



Z^^Zo+jf-"-' , (mod 63+). (4.26) 

By substituting (g^S]) to we obtain 

Z« + xf -1(1 - 74Z) + Xg-^^'-i) = (mod £3+) (4.27) 
by (|iTfl) . and (g^H)- Note that we have w(7|'~'^-i) > £3, if g / 2. 



9(9+1) 
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Proposition 4.4. The reduction of the space Zj* i is defined by Z'^ ^ ^x.^ ^"^ = 0. This affine 

curve has genus and singularities at & Si. 

Proof. The required assertion follows from the congruence (j4.27l) modulo 0+. □ 

Definition 4.5. 1. For any C, G Si, we define a subspace 2?^ C Z" x K^'^iujs) by x^ = C. We call 
the space 2?^ a singular residue class o/ Z^ i - 

2. We define a subspace Zi.i C Z^ x if "''(ws) by the complement Zj x K^'^{ujs)\ U^g5i -^C- 

Proposition 4.6. The reduction of the space Zii is defined by Z'^ + a;| +2^3 — wzt/i x^ ^ Si. 

Proof. This follows from Proposition 14.41 □ 

4.4 Analysis of the singular residue classes of ^ 

In this subsection, we analyze the singular residue classes {T>q\c,^Si of Z^ x- If 9 is odd, the space T>q is 
a basic wide open space with an underlying affinoid X^; , whose reduction is defined by z'' — z = . 
On the other hand, if q is even, the situation is slightly complicated, because the space T>(^ is not basic 
wide open. Hence, we have to cover 2?^ by smaller basic wide open spaces. As a result, in T>q, we find 
an affinoid P^, whose reduction is defined by zj_^-^ = Wi {wr-\f. This affine curve has g — 1 singular 
points at wi e fc^. Then, by analyzing the tubular neighborhoods of these singular points, we find an 
affinoid X^_^' C P° for each Q' G fc^ , whose reduction is defined hy -\- z = ufi . 

A.A.I q : odd 

We assume that q is odd. For each Q G /^2(g2_i)(A:^'^), we define an affinoid X^ C 2?^ and compute its 
reduction X.^. 

For L G ^i2{k^'^), we choose an element c'l ^ G O^^^ such that c[ ^ — —2l and c^l — 4(1 — j4c[ J. We 

^ — 1 — 

take C G A'2(<j2_i)(fc^'^). We put ci_^ — c'^ ^,2_i, and define C2,q G O^^^c by C2 ^ — — 2c^ ^ and C2,<^ — C- 
We put = ^V^cl""^ and 6c = -2C«'-^4''"^^^^Cj;«4'+^^/l Note that we have v{ac^) = l/(2g4) and 
^;(6c) = l/(4g3). 

For an element C, G ^2(q'^-i){k^'^)i we define an affinoid X^ by v{x3 — C2,c) > l/(4g'^). We change 
variables as Z = ac^z + ci.c, 2:3 = + C2,c- Then, we acquire a'(z^ — z — uP') = (mod €3+) by 
(I4.27p . Dividing this by a^, we have z"^ — z = lo^ (mod 0+). Hence, the reduction of X^ is defined by 

Proposition 4.7. For each C, G ^2(0^ , the reduction X^ is defined by z'' — z — and the 
complement 2?^ \ X^ is an open annulus. 

Proof. We have already proved the first assertion. We prove the second assertion. We change variables 
as Z = z' + cix and X3 — w' + C2x with < v{w') < l/(4g'^). Substituting them to (|4.27p . we obtain 
z"? = w'^ (mod 2v{w')+). Note that we have < -y(z') < l/(2(j'*). By setting w' = z"z'(9"i)/^ 
acquire z"^ = z' (mod v{z')+). Hence, we can see that z' is written as a function of z". Then w' is 
also written as a function of z". Therefore, (I'c \ Xc)(C) is identified with {z" G C | < v{z") < 

i/(V)}- □ 

4.4.2 q : even 

^ — 1 

We assume that q is even. We put Zi=xl~ . Then, the congruence (|4.27p has the following form; 

Zi + Ziil-j^Zj + Z^^ = -jf-''-'z;''^''+^^ (mod £3+). (4.28) 

1. Projective lines For each C G fc^, we define subaffinoid P" C by v{Z) > l/(4g''). We change 
variables as Z = TI7l/(49 )wi and Zi — 1 + zD^^^^'^ ^ zi. Substituting these to (|4.28p and dividing it by 
^1/(4? ) ^ acquire 

{zi + wl) + w'^ z:l + w'^ z\ ^ ■uj'^ wi = w'^ (mod — +). (4.29) 
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We can check that v{zi) > 0. We set q = 2^ and put h = (2* - l)q/2'' and = l/(2*+2q3) for 
1 < i < / + 1. Furthermore, we define parameters Zi for 2 < i < / + 1 by 

z, + = tu"'+i0,+i {l<i< /). (4.30) 

Lemma 4.8. We assume that v{Z) > l/{Aq^). Then we have 



Zf+i+wl"^ ^ +wi+w^ Zf+iwl =w'''~^^ (mod ^+). (4.31) 
Proof. For 1 < i < / + 1, we put n, = {q - 2"-^)/ (T+^q^). We prove 



(z, + w^f + tn™'z,w« + m^'^wi = tn' '^^l^o^^' (mod 7-^+) (4.32) 

for 2 < i < / + 1 by an induction on i. Eliminating zi from (|4.29p by (|4.30p and dividing it by 'nj^/^^'^'^\ 
we obtain 



(z2 + Wi Y + ifsi^ Z2w\ + tx7»9^wi + nj^wf^ (z2 + Wj^" )^ = w (mod -5— ;5-+)- 

3g 



This shows w(z2 + Wj^" ) > l/{'i2q^). Hence we have (|4.32p for i = 2. Assuming (|4.32l) for i. Eliminating 
Zi from by (|13g| and dividing it by ro™*, we obtain for i + 1. Hence, we have for 

/ + 1 , which is equivalent to (j4.31D . □ 

Proposition 4.9. For each C,G ^2 , the reduction is an affine curve defined by z'j_^-^ = wi(wf~^ — 1)^, 
which has genus and singularities at Wi G , and the complement T>(^ \ is an open annulus. 

Proof. The claim on P^ follows from the congruence (I4.3ip modulo 0+. We prove the last assertion. 
We change a variable as Zi — 1 + z[ with < v{z[) < l/{8q'^). Similarly as (|4.30p . we introduce 
parameters {Zj'}2<i</+i by z^ + Z'* = z[^-^ for !<«</• Then, by similar computations to those in the 
proof of Lemma we obtain z'j^-^ = Z^'^^^ (mod 2t;(z^^j^)+). By setting Zj_|_2 = -Z^'Z-^z+i, we obtain 
Zj^^_2 = Z (mod w(Z)+). Then we can see that all parameters for 1 < i < / + 1 and Z are written 
as functions of Zy+2- Hence, (2?^ \ P^)(C) is identified with {z}+2 e C | < v{z'^j^^) < 1/(89'')}. □ 

2. Elliptic curves For G , we choose C2X' G Cc such that C2X' — C ^'^d 

1/2 

and a square root C2^/ of C2X'- Further, we choose ci,(^/ such that 



\C'+ru^cl ,.^ci^^,+C2X'{cl% '^ + 1) 



and 62,C' such that b^ ,-, ^ ^1/(49 We put ai^' = c^^/^^" )c«^^, and bi^' = 4 f hx'- 

For each C S fc^, we define a subspace C P^ by v{wi — C2X') > 0. Furthermore, we define 

Xcc C Pc.C by v{wi - C2X') > l/W)- We put P^ - Pi;\Uc'efc>^ ^CC- 

We take (C, (') ^ ^2 x k^ and compute the reduction of X^ ^;^'. In the sequel, we omit the subscript 

C' of aix', &i,c'i ^2,c' and C2,^', if there is no confusion. We change variables as z/+i — aiz + biw+ci 

and wi = b2W + C2. By substituting these to (j4.31l) . we acquire 

ajiz^ + z + w^) = (mod ^+) (4.33) 
by the definition of ai, bi, 62, ci and C2. 

Proposition 4.10. For each (C,C') G x A;^, i/ie reduction ofX.^^^' *s defined by z^ + z = and 
the complement V^x' \ -^C-C '^'^ open annulus. 

Proof. The first assertion follows from (|4.33p . We prove the second assertion. We change variables 
as Zf+i — z' + c^'^~^^^'^w' + ci and wi = w' + C2 with < v{w') < l/(12g^). Substituting them 
to (I4.3ip . we acquire z'^ = c^'^^'^^w'^ (mod 2w(z')+) by the choice of C2. Note that we have v{z') = 
3u(w')/2 < 1/(8(7''). By setting z" = z' / {cl^'^w'), we obtain z"^ = w' ijaod v(w')+). Then we 
can see that z' and w' are written as functions of z". Hence, {T>c^x' \ '^C,-C,')i^) is identified with 
{z" e C I < w(z") < l/(24g4)}. ' ' □ 
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4.5 Stable covering of Xi(p^) 

In this subsection, we show the existence of the stable covering of Xi(p'^) over some finite extension 
of the base field K^". See |CM[ Section 2.3] for the notion of semi-stable coverings. A semi-stable 
coverings is called stable, if the corresponding semi-stable model is stable. 

Proposition 4.11. There exists a stable covering o/Xi(p'^) over a finite extension of the base field. 

Proof. First, we show that, after taking a finite extension of base field, Xi(p'^) is a wide open space. 
By [St2l Theorem 2.3.1 (i)], Xi(p3) is the Raynaud generic fiber of the formal completion of an affine 
scheme over 0^„, at a closed point on a special fiber. Then we can apply [CM', Theorem 2.29] to the 
formal completion of the affine scheme along its special fiber, after shrinking the affine scheme. Hence, 
Xi(p'^) is a wide open space over some extension. 

By |CM[ Theorem 2.18], a wide open space can be embedded to a proper algebraic curve so that its 
complement is a disjoint union of closed disks. Therefore, Xi(p'^) has a semi-stable covering over some 
finite extension by |CM[ Theorem 2.40]. Then a simple modification gives a stable covering. □ 

In the following, we construct a candidate of a semi-stable covering of Xi(p'^) over some finite 
extension. We put 

Vi = w+i, u y w,,i,, V2 = w-,,u U Wi,,,, u-Wi,iA y x^. 

2<i<e 2<i<4 ce5i 

We note that Vi D Yi,2, V2 D Y2.1, U D Zi.i, Vi n V2 = 0, Vi n U = W+^, and V2 n U = W-^,. 

We consider the case where q is even in this paragraph. For C G , we set — ^CX')- 
Then, T>q contains as the underlying affinoid. On the other hand, for (C,C') G ^2* x fc^ the space 
2?<^,(;-' has the underlying affinoid X^,^'. 

We put 

Si if q is odd, 

fcj X /c^ if g is even. 



S = 

Now, we define a covering of Xi(p'^) as 
Ci(p') 

In Subsection l7.2[ we will show that Ci{p^) is a semi-stable covering of Xi(p'^) over some finite extension 



{Vi,V2,U,{I?Jce5j if g is odd, 

{Vi,V2,U, {Pj^g^><,{2?c,C'}(C,C')e5 if 9 is even. 



5 Action of the division algebra on the reductions 

In this section, we determine the action of of the division algebra on the reductions Y1.2, Y2.1 Zi i, 
{Pf }^gj,x and {X^}^g5 by using the description of O^-action in (II. 8p . We take d = rfi + Lpd2 G O^, 

where c?i G and d2 £ Ok2- We put = di and K2{d) — —d2/d\. 

Lemma 5.1. The element d induces the following morphisms; 

Yi,2^Yi,2; ix,y) {Ki{d)x,Ki{dy^y), Y2,i^Y2,i; (a;, y) H- Ki(rf)''?/). 

Proof. We prove the assertion for Yi^2- By (jl.Sp . we have d*xi = dixi, d*X3 = dix^ (mod 0+). 
Therefore, the required assertion follows from (j4.5p . The assertion for Yi^2 is proved similarly. □ 

Now, let the notation be as in subsection 14.31 We put x'^ — d*Xi for 1 < i < 3, t' = d*t, Zq = d*Zo 
and Z' ~ d*Z. We have j~^ixi) = xi + di''d2'oc''^^uxi, j~^{x2) = X2 + di''d2'cu'^^ux2 (mod ei-l-) and 
j~^{x3) = X3 (mod £2-1-) by (jl.lip . On the other hand, we have d{xi) = diXi, d{x2) = diX2 + d\w'^^x\ 
(mod ei+) and d^^{xj,) = dix^ + d\w'^^x\ (mod £2+) by (|1.5p . Hence, we obtain 

x'i = dixi+d^^'^ d2Tu'^'-ilxi, x'2 = diX2 + d^'^'' d2Vj'^'-ux2 + d'^w'^'' X2 (mod ei-|-), (5-1) 
x'^ = dixs + d^vj'^^x^ (mod £2+). (5-2) 
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By the definition of t and the equation x'2/xi = — 1 + 72 (2:2'' /t'), we acquire 

t' = dlt - dl'^dl^-'^w'^ (mod £2+) (5.3) 

using (15. ip . We put Go = d'^''d2x'^'^ + d^^d^x^'^^'^ ^\ By the definition of and the equation 
1 + {x^ /t') ~ JsZq, we obtain 

Zl, = Zo- zu'^Go (mod £3+) (5.4) 

using (15.21) and (|5.3p . We put G — Gq + d^^ d\{x2x\~'^ + x^^x"^). By the definition of Z and the 
equation Zq + {x'2/x'^) — [x'^/x'i) — ^^{x'2/ x'^)Z' , we obtain 

Z' = Z - —m'^G (mod £4+) (5.5) 

X2 

using dnH, dO]) and (EH). We have G = d^'^d2xf''^^^ + d^^d^xi'''^^'-''^^^ (mod 0+). by xi = 

— x| , X2 = a;| (mod 0+). We put A ~ d^''d2X^'"'^~^^ + dj'^djxl""'^. Then the congruence (|5.5p has 
the following form; 

Z' = Z - m'^A (mod £4+). (5.6) 
Proposition 5.2. T/ie element d acts on Zi^i 6?/ [Z^x-^) ^ {Z , K\{d)x-i) . 

Proof. This follows from and dlH). □ 

Proposition 5.3. The element d induces the morphism P^ — J> P„j(^)|j; wi 1— > wi. 

Froo/. This follows from dill), Proposition O and Z = roi/^^^'^wi. □ 

Proposition 5.4. H^e iofce C G 5i. Further, we take Q' ^ , if q is even. We set as follows; 

C if q is odd, g ^ ^ 1 '^i('^)C 9 odd, 

(C:C') if 1 is even, [ ('*i('^)Cj C) tf*? ewe", 

Trfe2/fe(C~^'^K2(rf)) «/g is odd, 

^Trfc2/F2(C^"'C'"^K2(rf)) */<? is even. 

Then, the element d induces the following morphism 

'{z,w) ^ {Ki{dy('^+^\z + fd),Ki{d)-'^'J+'^^/^w) ifq is odd, 
{z, w) {z + fd, w) if q is even. 




X(i,j : 



Proof. First, we assume that q is odd. Recall that Z = oqz + ci^t and X3 = hQW + C2,q. Similarly, we 
have Z' = a^^^^z' + ci^t and X3 = b^^i^w' + C2 j^i^. Then, the claim follows from (|5.6p . 

Next, we assume that q is even. By (|5.6p and d*x^ = (iiX3 (mod (£3/2)+), we acquire 

/ 

d*zf+i - Zf+i = ^(u;p2' a2'~') (mod (£4/4)+) (5.7) 
1=1 

on the locus where v{Z) > £4/2. By = ai,^'Z + bi^iw + ci^^/ and wi = b2.('W + C2,^', we obtain 
d*z - z = ELi(c^,c'^^' ') (mod 0+) and d*w ee w (mod (£4/8)+) on X,;^^- by dlH) and ([53). On 

the other hand, Ei=i(c2^c'^ ^ ~ because X3 — ( and C2,f' = C'- Hence, we have proved the 
claim. □ 



6 Action of the Weil group on the reductions 

In this section, we compute the actions of the Weil group on the reductions Y1.2, Y2,i, Zi^i, {P(;^}^gj,x 
and {X,,}^g5. 

Let X be a reduced affinoid over K^'^. For P E X(C), the image of P under the natural reduction 
map X(C) — > X(fc^'^) is denoted by P. The action of Wk on X is a homomorphism wx '■ Wk —> Aut(X) 
characterized by cr{P) = wyi{a){P) for a G Wk and P G X(C). For a e Wk, we define G Z so that 
a induces g~''"-th power map on the residue field of K^'^. 

Remark 6.1. In the usual sense, Wk does not act on Xi(p^), because the action of Wk does not 
preserve the connected components o/LTi(p^). Precisely, wx is an action of {{a, ip^"^") G Wk x D^}, 
which preserves the connected components o/LTi(p'^). 
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6.1 Actions of the Weil group on Yi 2, ^2,1 and Zn 

For a G Wk, we put A(o') = (7(071/(9^ ~i))/7i7i/('?^-i) £ /c^. We note that A is not a group homomor- 
phism in general. 

Lemma 6.2. Let a G Wk- Then, the element a induces the automorphisms 

Yi^2^Yi,2; (A(a)«x«"''",A(a)-i2/«"'"), ¥2,1 ¥2,1; (x, y) ^ (A(a)-i:r''"'^" , A(a)«y«"^" ) 

as schemes over k. 

Proof. We prove the claim for Yi,2. We set cr(n7i/(«'(9'-i))) = ^w'^K^''(i^-^)) with ^ G /V(q2_i) (X^'^). 
Let P G Yi^2(C). We have X:i{a{P)) = a{X3{P)). By applying a to X3(P) = Ti7i/(9'('?'-i))a;3(P), 
we obtain 2:3((t(P)) = (,a{x3{Pj) = ^X3{P)'^ " (mod 0+). In the same way, we have x\{a(P)) = 
xi(P)'^ " (mod 0+). Therefore, we acquire x"' — ^x'^ " and y'^ = ^~'^y'^ " by (j4.5p . Hence, the 
claim follows from ^ — X{(t)'^. We can prove the claim for Y2,i similarly. □ 

For a G Wk, we put = cr(w3)/w3 G fi2qHq-i){K'"'). 
Lemma 6.3. Let a G Wk- Then, a acts on Zi.i by (Z, 2:3) n- (Z'' ^,^0-^3 )■ 

Proof. We use the notation in Paragraph l4.3l Let P G Zi,i(C). Since we set Xi = w^'^^xi, X2 = a;ia;2 
and X3 = ijsxs, we have xi(a(P)) = ^''"''fT(a;i(/')), a;2(fT(P)) = a'^ix2{P)) and a;3((7(P)) = 
e.CT(x3(P)). Hence, we obtain X2{<j{P))/xi{<j{P)) = ^a^"'^"'^'' a{x2{P)/xi{P)) = <j{x2{P)/xi{P)) 
(mod ei+). Since we set X2/X1 = —1 +72(0:2/^), we acquire t{a{P)) = (T{t{P)) (mod £2+)- There- 
fore, we obtain {x3{a{P)))'' /tia{P)) = £,a'"^''^~^\{x5{PY /t{P)) = a{x3{P)yt{P)) (mod £2+). Since 
we set 1 + (xl/t) — 73Z0, we obtain Zo{(t{P)) = a{Zo{P)) (mod £3+). Therefore we acquire 

Z{a{P)) = a{Z{P)) (mod £4+) (6.1) 

by Zq + (x2/a;3) - (xs/xi) = 74(a;2/a;3)-Z'. 

The assertion follows from X3(cr(P)) = ^^cr(a;3(P)) = C^X3(P)«"''' (mod 0+) and dHH). □ 

6.2 Action of the Weil group on 

In this subsection, let C G H2(q'' ■ Until Lemma let a G Wk- 
6.2.1 q : odd 

We assume that q is odd. We use the notation in ParagraDh l4.4.1l By (j6.ip and a;3(o'(P)) = ^cr<^{x3{P)), 
we have 

a^^^.^r, z{a{P)) + c^-^^^,-r^ = Z{a{P)) = a{Z{P)) = a{ai;)a{z{P)) + (t(ci,^) (mod £4+), (6.2) 

wiaiP)) + c^-^^^,-r^ = a:3(a(P)) = ^.a(a;3(P)) = iMk)^{w{P)) + ^Mc2x) (6-3) 

forPGX^(C). Note that ^ ^^-r^ = ci,(^ and C2 ^ ^^-r^ = C,'' '""^02, We have w(cr(ci,<^) — ci,^) > 
€4 by (1121). We put 

Then we have acr,^: ^o-,C7 c<j,(; G Oi<-ac. In the sequel, we omit the subscript C, of aa,Qi ^ct.c ^'^'i '^o-.c- 
Proposition 6.4. We have € , b^r (z k and — c^. Further, a induces the morphism 

X^->X^^^; (z, w) h-^ (flcrz' ' + 6^, c<ju;' "). 

Proof. We have i'(i^ctO'(c2,^) — ^'^C^ '^''^^C2,^) > £3 by v{(j{ci^q) — ci^q) > £4. Hence we have the last 
assertion by (|6.2I) and (|6.3p . By the definition of a^, 6^; and ci.^, we can check that a'^"^ — l,b'^ — b^ 
and = using ^ = — i(2 — 74Ci,^) (mod (g — l)/q^). □ 
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We put L = K{vj^^'^) and L2 = K2{'cu^^'^) in K^'^. Let LT^^ be the universal formal Oi-module over 
of dimension 1 and height 1. We have [vj^/\Tr^^{X) = vj^/^X-X''\ We put tui^L^ = ^1/(2(9"-!)) 

and take vj2,L2 € Ok-^" such that [ot^/^Jlti, (^^2,L2) = ^i,-L2- Let ArtLa : -^2 ^ Artin 
reciprocity map normalized so that the image by Art^a of a uniformizer is a lift of the geometric 
Frobenius. We consider the following homomorphism; 



Il2 -^k^ xk2; (Ai (ct), A2 (cr)) 



^l.L2 ' V 0'(^^l,L2)^l,i2 



This map is equal to the composite II^ 0]^^ — (Ol^/^)^ ~ fc^ x fc2, where the first homomorphism 
is induced from the inverse of Art^^- Then, we rewrite Proposition 16.41 as follows; 

Corollary 6.5. Let a e II- We put go = (2/C«+^)(A2(cr)'? + C'^'"^A2(cr)) G k. Then, cr induces the 

TflOVphlSTfl 

Proof. We can check that Ai(ct)"2(«+i) and Ai(ct)"('?+i) easily We proved,, = Ai(CT)"2(g+i)gj^ 

We simply write vji for nj^^i^- We put t = C'' "'^ and C = vo"-^ ^^^'^ {{w2/^iY + t(n72/n7i)}. 

2 

Then, we have — i7iC = —1 (mod (1/2)+) by vj\ — ■w'^''^vj2 ~ — nji. We can easily check the 
equality ct(C) — C = ro*^! (A2((t)'' + tA2((7)) (mod ei+). On the other hand, we can check c\ ^ = 

—l(2 — 74Ci^^) (mod {{q — 1)/ (2g^))+) by the definition of ci^^. Therefore, the elements C and ^/ (2t) 
satisfy a;* — ^710; = —1 (mod (1/2)+). Hence, we obtain C = c'^/(2t) (mod ei+). This implies 
(cr(ci,<;)-ci,c)«' = 2i(ct(C)-C) (mod ei+). Therefore, we obtain = bf = Ai(ct)-2(9+i)c,o (mod 0+) 
by = Ai(ct)'?+i (mod 0+). □ 

6.2.2 q : even 

We assume that q is even. We use the notation in Paragraph 14.4.21 For P e P°(C), we have 

1 
4q 

by (|6.ip . We can see that 



wi{a(P)) = a{wi{P)) (mod — +) (6.4) 



Zf+i{aiP)) ^ aizf+iiP)) (mod-l-+) (6.5) 



using (|i3T]) and ((Ol) . 

Lemma 6.6. T/ie element a induces the morphism — >■ P^^^;; wi ^ w\ 



Proof. This follows from Lemma 16.31 and (|6.4I) . □ 
We take C ^ k^ . By ((Ol) and (p?5]) . we have 

ai^^,z{(7{P)) + 6i,<:,u;((7(P)) + ci,^' = ai,c'tT(z(P)) + a{hi^^,)<j{w{P)) + C7(ci,<:0 (mod ^+), (6.6) 

h2,c'w{<j{P)) + C2,c' = (T{h2,c)(r{w{P)) + a(c2,c') (mod ^+) (6.7) 

using (j{ai^Q') = 01^,^' (mod l/(8q'*)+). We put 

q-(b2,C') , _ o-(fei,C')^2,c' - ^i,C'0"(^2,c') 



_ g(c2.c) - C2.C _ cr(ci,C') - Ci^C - bi,c'&2,C'(^('^2,C') " C2,C') 



D2,C' Ol.C 

In the sequel, we omit the subscript C,' of flo-.c'i ^a.c,' , b'^ and Co-.,^'. We note that v{aa-) — 0. We have 
v{b'^) > by dlJl). This implies u(6^) > 0. By §^ and (EJ]), we obtain v{ca) > using v{b^) > 0. 
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Proposition 6.7. The element a induces the morphism 

Proof. This follows from (EH), (gJl). □ 



In the following, we simplify the description of a^, b^, b'^ and c^- Let (' G ^q-x{K) be the hft of C,' . 
We put hi^,{x) =x^- w^'^C"^x - C'4. 

4 

Lemma 6.8. There is a root Si of Hqi^x) — such that 5i = c| ^, (mod 1/4). 

Proof. We put /i(a;) = x^'''^^-' + 1 + n7^/'*a;^''~^. By the definition of C2,c' , we have /i(c2 (-/)= (modi). 

4 

Hence, we have a root c'2 of h such that C2 = ^/ (mod 3/4) by Newton's method. We can check that 
c'2 = C (mod 1/16). We define a parameter s with v{s) > 1/16 by x = + s. Then we have 

(1 - C'-^s^)h{C + s) = ('-"s^ + uji{s + C) = C'^h^,{x) (mod 1/2). 

This implies ^-^'(02) = (mod 1/2). Therefore, we have a root (5i of hi^i{x) = such that 5i = C2X' 
(mod 1/4) by Newton's method. □ 

By the definition of 62,C'i have 62'^''^^^^'* = C'"' (mod 0+). Let be the element of ^3(g_i) (if"'') 
satisfying C" = ^'^nj^i/i^ (mod 0+). Note that ("^ = We take Si as in Lemma KE\ and put 
^ = 5i/{C"w^/^^). Then we have J* - 5 = l/{C"vj^^^). Note that i;(5) = -1/12. We take Cs e MK""') 
such that Cs ^ 1, and put hs, (x) ^ x^ - {1 + 2C3)zu^^^5l''x - zu^^^S^''^^! + 2vo^l^bi). 

9 4 

Lemma 6.9. There is a root 61 of hfi^{x) ~ such that 61 = c^^^, (mod 1/4). 

Proof. By the definition of ci_(^i and C2,^', we have /i^j^ (c-^'^^,) = (mod 1/2). Hence, we can show the 
claim using Newton's method. □ 

We take di as in Lemma lOl and put 9 = di/{zu^/^6l'^) - (3. Then we have 9"^ - 9 = 5"^. Note 
that v(9) = -1/8. Let a € Wr this paragraph. We put Cz,^ = a{C," w'^/^) / {C," w'^/^). We take 
Va e t^siK"^"') U {0} such that cr(5) = C;^l{S + v„) (mod 5/6). Then we have 

{a{9) -9 + ul5f = (j{9) -9 + 1^^6 + u^, {a{9) -9 + 1^^6 + vlf = (7{9) - 9 + vl5 (mod 0+). (6.8) 

By these equations, we can take /x^ e ^3(A'"') U {0} such that = <7{9) — 9 + v^S + + ct(C3) — Cs 
(mod 0+). Then we have + = ^1 (mod 1) by (15^ and e /i3(i^"'') U {0}. 

Lemma 6.10. 1. Let a G Wk- Then a„ = (3^0-, bg- = Cs.o-i'ctj K = ^ly^ ^<y = Mo- (mod 0+). 
2. Let a € Wk- Then € F4 and ba,b'^,Ca- G F4. Further, a^b^ = b'^ and b^ — c^ + c^ hold. 

Proof. By the definition of &2,c'> have a'^^^ = a{C,"'^vj^^'^) / {C,"'^vo^/^) (mod 0+). Hence we have 
ai'i' = C3,o e F| . This implies a, = Cs,. e 
By the definition of ai^^i and bi^Qi, we have 



a(6^g,)(a(cg^-^)) - cg^-^)) ^ «V6^;,(a(^^-^) - Si''-') 



ClX"HSi)-Si) faiC'vui) 



^ CL ?„ I V (J) - 5 ^ Cs,,'^. (mod 0+), 



W^^Sf ' \ (,"V3 

where we use Lemma l6.8l in the second congruence, b\ ^,/n7^/^^ = C^' (mod 0+) in the third congruence, 
S\ = (mod 1/4) and C"^ = C'^ in the fourth congruence and a{C,"vj^l^'^)l{C;'vj^l^'^) = (3,^ (mod 0+) 
in the last congruence. Hence, we obtain ba = Cs.o-^ct G 1^4- 
By LemmaEHand b^'^, /vu^^^'^ = C" (mod 0+), we have 

bj = ^-3 ^ = j_ = j_ a{S) -S = va (mod 0+). 

62^, Q"w^^ Q"vDr2 
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Hence, we obtain b'^ = i^a ^ ^4- 

By Lemma 16.81 Lemma 16.91 and the definition of ai^t^', we have 



a(wT-{9 + ^3)) — t<73((? + (^3) — w^5(^a{vj^S) — tuAj)^ 
= 1 

= o{e)-9 + vl5 + a{(::i)-C:i (mod 0+), 

where we use cr{5i) = (mod 1/4) in the second congruence, 5f — (mod 1/4) in the third con- 
gruence. Then we have c^"? G F4 by (16.81) . Hence we have G F4 and = fi^ (mod 0+) again by 
(ESI). 

By the above calculations, we can easily check dc^b^ = h'^ and 6^ = + c^- □ 
Lemma 6.11. The field K{C,^,C,"vj^^^ ,9) is a Galois extension over K . 

Proof. Let a G Wk- It sufHces to show a{9) G KiC^X" ^^'^ ,0). We put 9„ = 9 + vl5 + vl + + 
^•(Ca) - Ca- Then we have 91-9^= (j{5f (mod 2/3). Hence, we can find 9' such that 9'"^ - 9' = (T{6f 
and 9' = 9^ (mod 2/3). By the choice of /ig., we have 9' — a{9) (mod 0+). Hence, we obtain 9' ~ cr{9)- 
We take a' G Wk such that a' {9) ^ <j{9). We can define ^o-' as above, and have (j'{9) = 6*0-' 
(mod 2/3). If v„ = , then we have C3,crO'(<5) = C,^,t'(^' (5) (mod 5/6), which implies C,^,cr<y{5) = 
C3,<t'0''(5) because both sides are roots of x'^ — x — l/(^"n7^/^) — 0. Hence, if a{5Y 7^ o''(^)^i we have 
z/J ^ i.^,, which implies (j{9) = 9„ ^ 9„, = a'{9) (mod 0+). If a{Sf = c^'((5)^ we have cr(6l) ^ <7'{9) 
(mod 0+). Therefore we have v{a{9) - 9„) > v{a'{9) - 9^). Then, we obtain cr(6') G K{9„) C 
K{(3, ("n7^/^, 0) by Krasner's lemma. □ 

Let E be the elliptic curve over k^'^ defined hy z'^ + z — w"^ . We put 

We note that \Q\ — 24 and Q is isomorphic to SL2{V^) (cf. [Sel 8.5. Exercices 2]). Let Q x Z be a 
semidirect product, where r ^% acts on Q by g{a,P,^) 1— > g(a' ,/3'' ,7'' ). Then Q^TL acts faithfully 
on _E as a scheme over fc, where (^(a, /3, 7), r) G Q x Z acts on E by (2;, w) >-> (2;'' + oT^fiw'^ + 
a~"'^7, a(?x;'^ ' + (a^-'^/?)^)) for fc'''^ valued points. 

Proposition 6.12. The element a G Wk sends 'K(^^(^i ^g-"^" i^/- We identify "S^Q^t^i with'X.^ (^q-^" 

by {z,w) I— > {z,w). Then the action of Wk gives a homomorphism 

Oc : M^K ^ Q X Z C Autfe(X(;,<;0; cr ^ (ff(C3.<T, Cf.ai^a, Cs.aMa), r^) . 
Proof. This follows from Proposition 16.71 and Lemma 16.101 □ 

Proposition 6.13. The homomorphism factors through W{K^'^ {tu-^/^, 9)/ K) and gives an isomor- 
phism W{K''\w^'^,9)/K) ^QxZ. 

Proof. By Lemma [6. 101 1. the homomorphism 6^' factors through W{K™{m''-^^,9)/K) and induces an 
injective homomorphism W{K™{w^^^,9)/K) — > Q xi Z. 

To prove the surjectivity, it suffices to show that 9,^' sends Ik onto Q. Let g = g{a,l3,j) G Q. 
We take (a £ l^aiK^'^), i^p^H-j G fi3{K'^'^) U {0} such that (a — a, Dp — a~^(3 and fl^ = a^^j. We 
put 5g = (-^{6 + vp) and 9g = 9 + ^^5 + vj+ Then we have 5^ - 5g = l/(CaC"^^^^) (mod 5/6). 
Hence, we can find 5'g such that 5'g — 6'g = 1/ {CaC"'^^^^) and 5'g = Sg (mod 5/6). Further, we have 
9l~9g = 5f (mod 2/3). Hence, we can find 9'g such that 9'^ - 9g = S'^ and 9'g = 9g (mod 2/3). Then 
^1/3 ^^^1/3 g^^^ 9 9' gives an element of Ik, whose image by 6,^' is g. □ 



7 Cohomology of Xi(p^) 

In this section we show that the covering Ci(p'^) is semi-stable, and study a structure of £-adic coho- 
mology of Xi(p^). In the sequel, for a projective smooth curve X over k, we simply write H^{X,Qi) 
for H^{Xj^,Q£). For a finite abelian group A, the character group Homz(A, Q^) is denoted by . 



17 



7.1 Cohomology of reductions 

Let Xdl be the smooth compactification of an afSne curve over k defined by X'' — X = y'"*"^. The 
curve Xdl is also the smooth compactification of the Dehgne-Lusztig curve x'^y — xy'^ = 1 for SL2{¥q). 
Then, a E k acts on Xdl by aa ■ {X, Y) i-^ {X + a, Y). On the other hand, C £ fc^ acts on Xdl by 
/3(;: {X,Y) ^ (C'^+'^XXY). By these actions, we consider H^{Xi:>i^,Qg) as aQg[k x fc2'']-module. 

Lemma 7.1. We have an isomorphism 

H^XuuQi)^ V'®X 

V>Gfev\{i}xeM,+i(fe2)'^\{i} 

as Qi[k X fiq^i{k2)]-modules. 

Proof. As Qi[k X /iq+i(fc2)]-modules, we have the short exact sequence 

0^0^^ HliXuL\XuLik),Qi) ^ H^XulMi) ^ 0. (7.1) 

Let denote the Artin-Schreier Q^-sheaf associated to -0 G fc^- Let K.^ denote the Kummer Q^- 
sheaf associated to x G Mg+i(^2)^- Since XY)i,\Xi)i,{k) — > G^; (-''^, y) y'+i is a finite ctalc Galois 
covering with a Galois group k x /iq+i(fc2), we have the isomorphism 

HliXuL\XuLik),Qi) - ^ HliGrn,C^(E>JC^) (7.2) 
V'e/c"^ xeM5+i('i;2)"^ 

as Qi[kxiig^i (fc2)]-modules. Note that we have diniiJ^(Gm, C^^JC^) = 1 if ■0 ^ 1 by the Grothendieck- 
Ogg-Shafarevich formula (cf. |SGA5[ Expose X Theoreme 7.1]). Clearly, if x 7^ 1, we have (Gm, A^x) — 
and H^{Gm, C^) — ip- Hence, we acquire the isomorphism 

HliG„,,C^®IC^)^ i?,i(G„„£^®/CJ© ^ (7.3) 

as Qg[k X /ig4.i(A;2)]-niodules. By (|7.ip . (|7.2p and (|7.3p . the required assertion follows. □ 

For a character ip £ k""^ and an element C S k^ , we denote by ^/;<^ the character x H> i/'(Ca;). We 
consider a character group {k^Y as a subgroup of (fcj )^ by Nr^^^^,. 

Lemma 7.2. We have an isomorphism H^(X-£,i^,Qg) ~ ■jv^j-j-x )v X '^■^ Q£[fc2 l""^'''^^^^'^- 

Proof. By Lemma O we take a basis {ev,x}i/'efev\{o},xe/i<,+i(fe2)v\{i} of i/^(XDL,Q£) over Qj, such 
that fc X /iq+i(fc2) acts on e^_^ by ip x x- For C G fcj and a G k, we have o c^a o /^^^"'^ = a^^^+iQ in 
Autfe2 (-^^dl)- Hence, ^ G A:^ acts on iJ-'^(ArDL5 Qf) by ^: e^,^ H> c^.x,C^'/'^-(9+i) ,x with some constant 

Ci,,x,C e • Therefore, we acquire an isomorphism H^{Xuh, Qe) ^ 0xeM,+i(fc2)^\{i} I^^^',+i(fe2)(^) 
Q£[A:^]-modules. Hence, th required assertion follows. □ 

Proposition 7.3. We have isomorphisms 

H\T,^2Mi)^ (x°A)®(x^o«;i), i^'(Y2,i,Q,) ^ (x°A)®(xo/ci) 

xe(fc2^)^\(fex)^ x6(fc2'')""\('=^)'' 

as {Ik X O^) -representations over Q^. 

Proof. This follows from Lemma l5. 11 Lemma 16.21 and Lemma 17.21 □ 

Let A"as be the smooth compactification of an affine curve A"^g over k defined by z'' — z = . Then 
a e fc acts on Xas by (z, w) ^ {z + a, w). By this action, we consider H^{XAs,Qi) ^ ^^[fcj-module. 

Lemma 7.4. We assume that q is odd. Let G be a Galois group of a Galois extension F of k{{s)) 
defined by z'' — z = 1/s^. Let G^ he the upper numbering ramification filtration of G. Then G^ — G if 
r<2,andG''^lifr> 2. 
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Proof. We take a G F such that ai -a = l/s^. Then sa'-i-^^^ is a uniformizer of F. Let vp he the 
normahzed valuation of F. For a £ G and an integer i, the condition VF{o'{sa^'^~^'>^-^) — sa'^'^~^^^'^) > i 
is equivalent to the condition VF{a{a) — a) > i — 3. Hence, the claim follows. □ 

Lemma 7.5. We assume that q is odd. Then we have H^{XAs,Qe) — ®jpek'^\{i} ^ '^^ Q^lk] -modules. 

Proof. We have H^{XAs,Qi) — H^{X'ji^g,Qi), because the complement Xas\-^as consists of one point. 
The curve is a finite etale Galois covering of with a Galois group k by {z,w) H> w. For 

•0 G fc^, let C2,i> be the smooth Q^-sheaf on defined by the covering and ip. Then we have 
H^{X'^g,Qi) ~ ®^gfcv\{i} (A^, £2,v) as Q£[fc]-modules. By Lemma [7^ and the Grothendieck- 
Ogg-Shafarevich formula, we have dim H^{A^ , £2,4>) = 1 and Hl{K^ , C^^tp) ~ V as Q£[fc]-modules for 
ip € fc^\{l}. Hence, the assertion follows. □ 

We put Ud = {d e O^^ \ Ki{d) e k^}. If q is odd, we put 

Tx,i> = Ind{^^ ((x o A?+^) ® (-0^ o Trfc^/fc 0A2)) , = (x o ® ("0 ° Tr^^/fc °K2) 

and Px,^ = -^'^'^;7d ^x.'/' ^^^^ X G (fc^)^ and £ fc^\{l}. We note that dimp^^^ — q + I. 
Proposition 7.6. We assume that q is odd. Then we have an isomorphism 

CeM2(,2_i,(fe--"^) xe(fe><)'^ i/'efcv\{i} 

as representations of Ik x . 

Proof. The actions of /l and Ud on ®|^gj,x -^^(X^jQf) factor through k^ x fc by Proposition 15.41 and 
Corollary 16.51 On the other hand, the action of A:^ x A: on ®^gj,x H^(X.'^^,Qf) is induced from an 
action of {1} x fc on H^{Xl,Qt,}. Hence, we have 0(^gfex H^{Xl,Qi,) ~ ©^g(fex)v 0^efcv\{i} X "X) "0 as 
representations of fc^ x fc by Lemma 17.51 Therefore, we have an isomorphism 

as representations of II x Ud by Proposition [53] and Corollarv l6.5l Inducing this representation from 
II to Ik and ?7i3 to O^, wc obtain the isomorphism in the assertion. □ 

Let Z C Q he a subgroup consisting of g{l, 0, 7) with 7^ + 7 = 0, and (f> be the unique non-trivial 
character of Z. By [BHl Lemma 22.2], there exists a unique irreducible two-dimensional representation 
r of Q such that 

T|zCi</'®^ TrT(5(«,0,0)) = -l (7.4) 

for a e F4 \{1}. Then, it is easily checked that the determinant character of r is trivial. Note that 
every two-dimensional irreducible representation of Q has a form r Cg) % with x G (11^4 where we 
consider x as a character of Q by g{a, /3, 7) 1-^ x(q;). 

Lemma 7.7. The Q -representation II^{E,Qi) is isomorphic to t. 

Proof. The Q-representation II^(E,Qi) satisfies (|7.4p by Lemma mi Hence, the assertion follows. □ 

Let T(^' be the representation of Wk induced from the {Q x Z)-representation H^{E,Qg) by 0^^'. 
Then the restriction to Ik of t^' is isomorphic to a representation induced from t by Lemma 17.71 

We say that a continuous two-dimensional irreducible representation V of Wk over is primitive, 
if there is no pair of a quadratic extension K' and a continuous character x of Wk' such that V ~ 
Tnd^^ V 

Lemma 7.8. T/ie representation tqi is primitive of Artin conductor 3. 
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Proof. We use the notations in the proof of Lemma TG. Ill The element l/{zu^/^6'^) is a uniformizer of 
K''''{nj^/^,e). For cr £ Jif , we can show that 



613/ mi0^ 



= <( T2 if Ca.a = 1, ^0, 

\ if Ca.a = 1, = 0, ^ 0, 



using cr(6') = da (mod 2/3). The claim on the Artin conductor follows from this. 

The unique index 2 subgroup of Q x Z is Q x 2Z, because Q has no index 2 subgroup. Hence, if 
r^' is not primitive, it is induced from a character of W/Ca- However, this is impossible, because the 
restriction of tqi to Wki is irreducible. □ 

We define a character : Wk fc^ by \ = f^^. For (' £ and x G (k^Y , we put 

^C',x = TC ^ix° A^), 6l(;-,x = (x o Ki) (g) (0 o Trfc^/FjC'~^'«2)), Pc',x = Ind^^ 6'c',x- 
In the sequel, we consider T(^'^x ^ representation of Ik- 

Proposition 7.9. We assume that q is even. Let (' Cz k^ . Then we have an isomorphism 



as representations of Ik x O 



D- 



Proof. The actions of Ik and Ud on ®^gj,x H^O^c^ c^'TQe) factor through Q x fc^ by Proposition 15.41 
and Proposition 16.121 On the other hand, the action of Q x fc^ on 0jgfcx ^/^(X^ Q^) is induced 
from an action of Q on i7^(X^^^,, Q^). Hence, we have 0jgfex i?^(X^ ,j/, Q^) ~ 0xe(fex)^ r (g) x as 
representations of Q x k^ . Therefore, we have an isomorphism 

as representations of x Ud by Proposition 15.41 and Proposition 16.121 Inducing this representation 
from Ud to , we obtain the isomorphism in the assertion. □ 



7.2 Genus calculation 

Lemma 7.10. We have dimiJi(Xi(p3)c, Q^) = 2q^ -2q+l. 

Proof It suffices to show dim {(LTi{p^)/zu^)c,Qe) = - 4g + 2, because 

dimi/i((LTi(p3)/^^)c,Q,) = 2dimi/i(Xi(p3)c,Q,). 

For an irreducible smooth representation tt of GL2{K), we write c(7r) for the conductor of tt. By 
Proposition we have 

i?i((LT,(p3)/z^^)c,Q.) ^0(7r^^(^^))®''''""^^^ ©0(St0x)^^(^'\ 

TT X 

where tt runs through irreducible cuspidal representations of GL2{K) such that c(7r) < 3 and the 
central character of tt is trivial on w, and x runs through characters of i^^ such that c(St (8) x) ^ 3 
and xi'^'^) = 1- We have the following list of discrete series representations tt of GL2{K) such that 
c(7r) < 3 and the central character of tt is trivial on vj. 

(1) TT ~ St (K> X for an unramified character x'- — > such that xl'^^) = 1- Then c(7r) = 1 and 
dimLJ(7r) = 1. There are two such representations. 

(2) TT ~ St X for a tamely ramified character x'- ^ Qi that is not unramified and satisfies 
x(tn^) = 1. Then c{tt) = 2 and dimLJ(7r) = 1. There are 2{q — 2) such representations. 
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(3) TT ~ TT^, in the notation of jBH[ 19.1], for a character %: — )> of level zero such that % 
does not factor through Nr/f^/^ and xi"^) = 1- Then c(7r) = 2 and diniLJ(7r) = 2. There are 
q{q — l)/2 such representations. 

(4) TT ~ vr^, in the notation of [BH, 19.3], for a character x'- ^ Qe of level one such that x(^) = 1- 
Then c{tt) = 3 and diniLJ(7r) = q + 1. There are 2{q — 1)^ such representations. 

We note that dim Tr-^^^f^^ — 4 — c(7r) if tt is a discrete series representation of GL2{K) such that c{tt) < 3. 
Then we obtain the claim by taking a summation according to the above list. □ 

For an affinoid rigid space X, a Zariski subaffinoid of X is the inverse image of a nonempty open 
subscheme of X under the reduction map X ^ X. 

Proposition 7.11. Let W be a wide open rigid curve over a finite extension of -fC"' with a stable 
covering {{Ui,U^)}i£i . Let X be a subaffinoid space of W such that X is a connected smooth curve 
with a positive genus. Then there exists i d L such that X is a Zariski subaffinoid of Uf . 

Proof. Assume that X n Uf is contained in a finite union of residue classes of X for any i G /. Then a 
Zariski subaffinoid of X appears in an open annulus. This is a contradiction, because X has a positive 
genus. Hence there exists i' G I such that X n is not contained in any finite union of residue class 
of X. We fix such i' in the sequel. 

Then some open irreducible subscheme of the reduction of X n does not go to one point in X 
under the natural map X n X. Let Y be the inverse image of such an open subscheme under the 

reduction map X Ci —i- X D U^. Then we see that F is a Zariski subaffinoid of X by |CM1 Lemma 
2.24 (i)]. Each connected component of X \ y is an open disk, and included in [/" or Uf for i ^ i' 
or an open annulus outside the underlying affinoids. This can be checked by applying |CM[ Corollary 
2.39] to every closed disk in a connected component oi X\Y . Hence, X n Uf, is a Zariski subaffinoid 
oi X . If X n [/" ^ X , then Uf is connected to an open disk in Uf for i ^ i' or in an open annulus 
outside the underlying affinoids. This is a contradiction. Therefore, we have X C Uf. Then we obtain 
the claim by [CM[ Lemma 2.24 (i)]. □ 

Lemma 7.12. Let W be a wide open rigid curve over a finite extension of K^'^ with a stable covering. 
Let X be a subaffinoid space of W such that X is a connected smooth curve with genus zero. Then 
there is a basic wide open subspace ofW such that its underlying affinoid is X. 

Proof. We note that we have the claim if X appears in an open subannulus of W . Let {{Ui, Uf)}i^i 
be the stable covering of W. 

First, we consider the case where X n Uf is contained in a finite union of residue classes of X for 
any i G I. Then a Zariski subaffinoid of X appears in an open annulus. Further, X itself appears in 
the open annulus, because X is connected. Hence, we have the claim in this case. 

Therefore, we may assume that there exists i' € I such that X n Uf is not contained in any finite 
union of residue class of X. We fix such i'. By the same argument as in the proof of Proposition 17. Ill 
we have X C Uf. If the image of the induced map X — > J7j is one point, we have the claim because X 
appears in an open disk. Otherwise, X is a Zariski subaffinoid of Uf, and we have the claim. □ 

We consider the natural level-lowering map 

^/:Xi(p3)^Xi(p2); {u,X3)^{u,X2). 

Lemma 7.13. The connected components o/Wi^2'; W1.3', W2.1' andW^^ii UWs^i' UWg^i' are not 
open balls. 

Proof. Let Wq be a subannulus of Wq defined by v{u) < l/{q{q + 1)). Then we have 7rJ^(Wfex) = 
W2,i', 7rJ^(Woo) = W4,i/ U Ws,!/ U We,!' and ttJ^W^,) = Wi,2' U Wi,3'. Hence we have the claim 
by Proposition 13.11 and jCoi Lemma 1.4]. □ 

The smooth projective curves 2 ^-iid '^'2 1 have defining equations X'^Y ~ XV^ — determined 
by the equation in Proposition 14.21 and Proposition 14.31 The infinity points of Yi,2 consist of P+ = 
(a, 1, 0) for a e fc and P+ ~ (1, 0, 0). The infinity points of Y2 1 consist of P^ = (a, 1, 0) for a G fc and 
^c^ = (1,0,0). 

For a wide open space W , let e{W) be the number of the ends of W , and g{W) be the genus of W 
(cf. 'CM' p. 369 and p. 380]). For a proper smooth curve C, we write g{C) for the genus of C. 



21 



Theorem 7.14. The covering Ci{p^) is a semi- stable covering o/Xi(p'^) over some finite extension. 

Proof. We consider the stable covering of Xi(p3)c by Proposition mH Then ^ and Y2 1 appear 
in the stable reduction of Xi(p'^)c by Proposition 17.111 The point Pf^ is the unique infinity point of 
Yi,2 whose tube is contained in W^^,, because ^(Xa) > \/{q^{q^ — 1)) in Wj^^,. Similarly, Pq" is the 
unique infinity point of Y2,i whose tube is contained in W^-^,. Hence, we have e(Xi(p'^)c) > 2(7 by 
Lemma [7.131 Therefore, we have (7(Xi(p'^)c) < g'^ — 2g + 1 by Lemma [7.101 On the other hand, we 

have 

„ „ fy^^c, ^l,ac^ ofX^) if (7 is odd, 

5(Xi(p'^)c) > ff(Yi.2) +3(^1) + )^ ./ . 

lEcefc^ C'efe'< fi^CC') if 9 is even, 

where the summation on the right hand side is g"^ — 2q + 1 by Proposition 17.31 Proposition 17.61 and 
Proposition 17.91 Then the affinoids Yi^2, ^2,1, X^ for C, G /i2(q2-i) (fc'^'^) and X^^^' for C, ^ and 
C,' £ are underlying affinoids of basic wide open spaces in the stable covering by Proposition 17.11] 
and Lemma [7.131 Therefore, by the above genus inequalities, we see that e(Xi(p'^)c) — 2q and the 
connected components of Wi^2', Wi_3/, W2,i' and W4^i/ U Ws^i/ U Wg^i' are open annuli. 

The connected components of Xi(p'^) \ ^ are two wide open spaces, because each connected 
component is connected to ^ at an open subannulus by Lemma 17.121 Then we see that these two 
wide open spaces are basic wide open spaces with underlying affinoids Yi_2 and Y2,i by the above 
genus inequalities. Therefore we have the claim by Proposition 14.71 Proposition 14.91 and Proposition 
EM □ 

7.3 Structure of cohomology 

In this subsection, we study the action of Ik x on £-adic cohomology of Xi(p^). We put {Wk x 
D^)^ — {{a,ip^^-^) e Wk x D^}. Although it is possible to study the action of (Wk x using 
the result of Section [6j here we keep us to study the inertia action for simplicity. The result in this 
subsection is essentially used in |IT2j . 

Let be a semi-stable formal scheme constructed from Ci(p^) by |IT11 Theorem 3.5]. The 

semi-stable reduction of A'i(p^) means the underlying reduced scheme of which is denoted by 

A'i(p3)fe.c. 

Lemma 7.15. The smooth projective curves Y^ 2 ^'^'^ "^2 1 intersect with ^ at P^^ and Pq respec- 
tively in the stable reduction A'i(p^)feac. 

Proof. We see this from the proof of Theorem 17.141 □ 
Let r be the graph defined by the following: 

• The set of the vertices of F consists of Pq, Poo, Pa and P^^ for a £ P^(fc) \ {0}. 

• The set of the edges of F consists of PoP+, PoPa , PooP^ and PooPa for a e pi(fc) \ {0}. 

We note that P+ and P^ for a e P^(fc) \ {0} are points of Y^ 2 and Yj i that are not on Z^ ^ by 
Lemma [7.151 Let H^{T,Qi) be the cohomology group of F with coefficients in (cf. [ITli Section 
2]). The group Ik x acts on P+ and P~ for a g P^(fc) \ {0} via the action on Y^ 2 and Yj i. Let 
Ik X act on Pq and Poo trivially. By this action, we consider H^{r,Qi) as a Q^IIk x O^J-module. 

Theorem 7.16. We have an exact sequence 

H\T,Qi) He'(Xi(p')c,Qf) i?i(A'i(p3),.o,Q,)*(-l) 

as representations of (Wk x D^)'^. Further, as {Ik x O^) -representations, i/^(A:'i(p'^)feac, Q^) is iso- 
morphic to 

((X o A) ® (X o .1 e X o m)) © )^e,,.v\^,, r,^ ® p,,^ ^f q ^s odd, 

xe(W(fcx)- ®xe(fcx)v Tc^',x®PC',x 1 «s even, 

and -ff^(F,Q^) is isomorphic to 

1© ((x°A'+i)®(xo^?+i))®'. 

XG(fcx)v 
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Proof. The existence of the exact sequence follows from |IT1I Theorem 5.3] and Lemma 17.151 using 
the Poincarc duality (cf. [Farli Proposition 5.9.2]). We know the structure of H^{Xi{p^)k^^c,Qf) by 
Proposition 17.31 Proposition 17.61 and Proposition 17.91 

We study the structure of H^(r,Qi). By Lemma [5.11 and Lemma [6.21 the action of Ik x on 
H^{T,Qg) factor through fc^. We can check that H^{T,Qf) ~ 1 ffi0^g(fcx)v X®^ representations of 
k ^ . Hence, the claim follows from Lemma 15.11 and Lemma 16.21 □ 



References 

[BH] C. J. Bushnell and G. Hcnniart, The local Langlands conjecture for GL(2), Grundlehren der 
Mathematischen Wissenschaften, vol 335, Springer- Verlag, Berlin, 2006. 

[Co] R. Coleman, Stable maps of curves, Kazuya Kato's fiftieth birthday. Doc. Math. 2003, Extra 
Vol., 217-225. 

[CM] R. Coleman and K. McMurdy, Stable reduction of Xo{p^), Algebra and Number Theory 4 
(2010), no. 4 357-431, with an appendix by Everette W. Howe. 

[Da] J.-F. Dat, Theorie de Lubin-Tate non-abelienne et representations elliptiques, Invent. Math. 
169 (2007), no. 1, 75-152. 

[De] P. Deligne, Formes modulaires et representations de GL(2), Modular functions of one variable 
II (Proc. Internal. Summer School, Univ. Antwerp, Antwerp, 1972), pp. 55-105. Lecture Notes 
in Math., Vol. 349, Springer, Berhn, 1973. 

[DR] P. Deligne and M. Rapoport, Les Schemas de modules de courbes elliptiques, Lecture Notes in 
Math. 349 (1973), 143-316. 

[Fal] G. Fallings, A relation between two moduli spaces studied by V. G. Drinfeld, Algebraic number 
theory and algebraic geometry, 115-129, Contemp. Math., 300, Amer. Math. Soc, Providence, 
RI, 2002. 

[Farl] L. Fargues, Cohomologie des espaces de modules de groupes p-divisibles et correspondances de 
Langlands locales, Asterisque No. 291 (2004), 1-199. 

[Far2] L. Fargues, Dualite de Poincare et involution de Zelevinsky dans la 
cohomologie equivariante des espaces rigides, preprint. Available at 
http://www-irma.u-strasbg.fr/~fargues/Prepublications.html 

[FGL] L. Fargues, A. Genestier and V. Lafforgue, L'isomorphisme entre les tours de Lubin-Tate et de 
Drinfeld, Progress in Mathematics, 262. Birkhauser Verlag, Basel, 2008. 

[GH] B. Gross and M. Hopkins, Equivariant vector bundles on the Lubin-Tate moduli space. Topology 
and Representation Theory (Evanston, IL, 1992), Contemp. Math. 158 (1994), 23-88. 

[Ha] M. Hazewinkel, Formal groups and applications, Academic Press, 1978. 

[ITl] N. Imai and T. Tsushima, Cohomology of rigid curves with semi-stable coverings, preprint, 
arXiv: 1109. 28 24, 

[IT2] N. Imai and T. Tsushima, Geometric realization of the local Langlands correspondence for 
representations of conductor three, preprint, arXiv:1205.0734, 

[ITS] N. Imai and T. Tsushima, Explicit construction of semi-stable models of Lubin-Tate curves 
with low level. Available at http://www.kurims.kyoto-u.ac.jp/~naoki/proceedings.html 

[Ml] Y. Mieda, Non-cuspidality outside the middle degree of i-adic cohomology of the Lubin-Tate 
tower. Adv. Math. 225 (2010), no. 4, 2287-2297. 

[M2] Y. Mieda, Geometric approach to the local J acquet- Langlands correspondence, preprint, 
arXiv:1112.611 6' 

[Se] J. -P. Serre, Representations lineaires des groupes finis, Hermann, Paris, 1967. 



23 



[SGA5] Cohomologie l-adique et Fonctions L, Seminaire de Geometrie Algebrique du Bois-Marie 1965- 
1966, dirige par A. Grothendieck. Lecture Notes in Mathematics, Vol. 589, Springer- Verlag, 
Berlin-New York, 1977. 

[Stl] M. Strauch, On the Jacquet-Langlands correspondence in the cohomology of the Lubin-Tate 
deformation tower, Asterisque (2005) no. 298, 391-410, Formes Automorphics (I). 

[St2] M. Strauch, Deformation spaces of one- dimensional formal modules and their cohomology, Adv. 
Math. 217 (2008), no. 3, 889-951. 

[St3] M. Strauch, Geometrically connected components of Lubin- Tate deformation spaces with level 
structures, Pure Appl. Math. Q. 4 (2008), no. 4, Special Issue: In honor of Jean-Pierre Serre. 
Part 1, 1215-1232. 

[We] A. Weil, Exercices dyadiques, Invent. Math. 27 (1974), 1-22. 
Naoki Imai 

Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502 Japan 
naoki@kurims.kyoto-u.ac.jp 

Takahiro Tsushima 

Faculty of Mathematics, Kyushu University, 744 Motooka, Nishi-ku, Fukuoka city, Fukuoka 819-0395, 
Japan 

tsushima@math . ky ushu-u . ac . j p 



24 



